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Monotonic graph algorithms, such as shortest path, BFS, and reachability, are fundamental to graph analytics
and are widely used across domains. Recent systems employ pruning techniques to accelerate the processing
of these algorithms. However, state-of-the-art monotonic graph engines are restricted to in-memory execution
and cannot scale to graphs that exceed main memory capacity. In contrast, existing out-of-core graph engines
are designed for general-purpose workloads and lack effective pruning mechanisms tailored to monotonic
graph algorithms. To bridge this gap, we present Gem, an out-of-core graph engine designed for monotonic
graph algorithms. Gem introduces a PageRank-based graph sketch that captures key topological features in-
memory with minimal preprocessing overhead. Building on this sketch, we propose a novel graph abstraction
that enables the direct derivation of tight bounds for monotonic graph algorithms, supporting effective pruning
at both the vertex and partition levels. Comprehensive evaluations on six real-world datasets, including the
42.5-billion-edge ClueWeb graph, show that Gem significantly outperforms existing systems. It achieves up
to 135.40× speedup over GridGraph and 12.58× over Wonderland in out-of-core settings, and also delivers
substantial improvements in other modes: up to 10.41× over RisGraph in memory and 20.64× over CGgraph
out-of-GPU memory.
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Type Name Pruning Sketch Out-of-Core
Monotonic
Graph
Engine

RisGraph [33] × × ×
Tripoline [47] Δ × ×
SGraph [22] Δ × ×

General
Purpose
Engine

GridGraph [111] × × �
Core Graph [45] × × �
CGgraph [31] × × �

Wonderland [103] × Δ �

Our System Gem � � �

Table 1. Comparison of pruning, sketch, and out-of-core execution capabilities across representative systems
and Gem. Here, × indicates the absence of a capability, Δ denotes a weak capability, and � represents a
strong capability.
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1 Introduction
Graphs are a natural representation for numerous real-world applications [20, 21, 23, 24, 26, 39, 42,
66, 68, 96, 109], such as social networks [7, 17, 43, 81, 82, 89], e-commerce [41, 74, 77], and deep learn-
ing [12, 40, 71, 78, 80, 86, 88]. In graph analytics, many widely used algorithms exhibit a key property
known asmonotonicity, where intermediate results are updated in a monotonically convergent man-
ner. Notable algorithms include shortest path, breadth-first search (BFS), reachability, and connected
component detection. For instance, in a shortest-path query from 𝑠𝑟𝑐 to 𝑑𝑒𝑠𝑡 , the intermediate
distance 𝑑𝑖𝑠𝑡 [𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡] decreases monotonically until it converges to the final shortest distance
𝐷𝐼𝑆𝑇 (𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡). This class of algorithms are known as monotonic graph algorithms [33, 47].
Given the broad applicability of monotonic graph algorithms, they have attracted considerable
attention in recent years. Several systems have been specifically designed to support the efficient
processing of monotonic graph algorithms, including SGraph [22], Tripoline [47], MergeGraph [28],
and RisGraph [33]. However, real-world monotonic graph applications often operate on massive
graphs beyond billion-scale that can reach sizes of hundreds of gigabytes. To scale these applications
to graphs that exceed a machine’s memory capacity, a typical approach is to utilize external memory
(i.e., disk) for out-of-core graph processing [49, 51, 53, 58, 59, 72, 83, 85, 92, 99, 105]. Compared to
alternatives such as distributed graph processing, out-of-core processing on a single machine is
usually more cost-effective and demands fewer hardware resources [67, 69].
We observe that none of the existing monotonic graph engines support out-of-core execution,

which limits their scalability on large graphs. Pruning [22, 33, 47, 84] is a common technique used
to avoid unnecessary computations by identifying and skipping parts of the graph that cannot
affect the final result. It is widely adopted by state-of-the-art monotonic graph engines such as
Tripoline [47] and SGraph [33]. These systems estimate a range of possible values, referred to
as lower and upper bounds, for certain metrics between vertices, and discard updates that fall
outside this range. However, such engines are designed for in-memory execution only and cannot
scale to graphs that exceed memory capacity. On the other hand, out-of-core graph engines like
GridGraph [111], Core Graph [45], CGgraph [31], and Wonderland [103] target general-purpose
workloads at scale. Some of these, such as Wonderland, use graph sketches to cache key topological
structures in memory, accelerating convergence and reducing disk I/O. Nevertheless, they lack
pruningmechanisms tailored tomonotonic graph algorithms, limiting their computational efficiency
on such tasks.
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• UB(src → v) = DIST(src → h) + DIST(h → v).
• UB(v → dest) = DIST(v→ h) + DIST(h → dest).
• LB(src → v) = max{0, DIST(h → v) - DIST(h → src), 
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• LB(v → dest) = max{0, DIST(h → dest) - DIST(h → v), 

DIST(v → h) - DIST(dest → h)}.

Bound estimation with hub vertex h
Fig. 1. Bounds and pruning example. The blue arrows are precalculated exact distance (i.e., 𝐷𝐼𝑆𝑇 ) based on
the hub vertex ℎ.
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Fig. 2. Using graph sketch for single machine graph processing in Wonderland [103].

Table 1 highlights the gap: monotonic graph engines use pruning but require in-memory exe-
cution, while out-of-core systems handle large graphs but do not support pruning for monotonic
algorithms. Our proposed system Gem bridges this gap by combining bound-based pruning with
a graph abstraction inspired by graph sketching, enabling efficient out-of-core processing for
monotonic workloads.

In summary, designing an efficient out-of-core engine for monotonic graph processing requires
tackling two main challenges: Ineffective Memory-Constrained Bound Estimation and Ineffective
Graph Sketches for Monotonic Algorithms. We first outline these challenges and discuss them in
detail in Section 3.
Challenge I: Ineffective Memory-Constrained Bound Estimation. Monotonic graph algo-
rithms often rely on precomputed bounds (e.g., lower/upper distance bounds) to prune unnecessary
work. These bounds are typically derived from a small set of hub vertices, where each hub stores
distances to all other nodes. While effective in-memory, this approach becomes infeasible out-of-
core: each hub consumes 𝑂 ( |𝑉 |) space, and only a limited number can fit in memory. As a result,
pruning degrades sharply due to loose or missing bounds. Moreover, common bounding strategies
such as triangle inequality often yield conservative estimates, further limiting effectiveness. The
key problem is how to achieve tight, global bounds without large memory footprints.
Challenge II: Ineffective Graph Sketches. To reduce I/O overhead, out-of-core systems use
in-memory graph sketches which compact subgraphs that retain high-impact edges to guide navi-
gation across partitions. These sketches improve convergence and minimize disk access. However,
traditional sketches often lack structural coverage and offer no formal guarantees for preserving
global graph properties, limiting their effectiveness for navigation and bound estimation for pruning
in monotonic algorithms. Enhancing sketch quality with techniques such as high-centrality node
selection is computationally expensive and memory-intensive, making it impractical in out-of-core
environments. The fundamental challenge lies in designing lightweight sketches that preserve
sufficient global connectivity to enable effective propagation and pruning.

Contributions. To address the limitations in existing works, this paper presents Gem (short for
Graph processing with External memory for Monotonic algorithms), an efficient monotonic graph
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processing engine on a single machine. Specifically, Gem (i) constructs a compact and navigable
graph sketch (GS) tailored for large graphs, which effectively captures the graph’s underlying
topological structure using PageRank, and (ii) builds upon this sketch to construct a novel graph
abstraction (GA) that enables the derivation of high-quality (i.e., tight) bounds, thereby minimizing
redundant computations and unnecessary data accesses. In our evaluation, Gem achieves speedups
of up to 12.58× and 135.40× over Wonderland and GridGraph, respectively, under out-of-core
settings. Although designed for out-of-core execution, Gem also delivers significant performance
improvements across other execution modes. It achieves up to 4.79× and 10.41× speedups over
SGraph [22] and RisGraph [33] in the in-memory setting, and up to 16.69× and 20.64× over
Core Graph [45] and CGgraph [31] in the out-of-GPU-memory setting, respectively. The major
contributions of Gem are summarized as follows:
• Novel PageRank-Based Graph Abstraction. We propose a PageRank-based graph sketch
that effectively captures key topological information with significantly better performance than
existing methods [45, 103, 112], while maintaining low preprocessing overhead for large-scale
graphs. Compared to the graph sketch used in state-of-the-art systems, our navigable graph sketch
yields up to a 3.86× speedup. Building on this, we introduce a novel graph abstraction (GA) that
incorporates both real edges within the GS and bound-aware virtual edges that connect sketch
vertices to abstract vertices (each representing a graph partition).
• High-Quality Bounds with Two-Level Pruning. Based on the GA, we design an efficient
algorithm that extracts bounds directly. These bounds are tight and more accurately capture
distances from the source vertex (𝑠𝑟𝑐) to all other vertices, and from each vertex to the destination
(𝑑𝑒𝑠𝑡 ). While the bound extraction process accounts for less than 13% of the total execution time, it
enables speedups of up to two orders of magnitude. Additionally, we introduce novel vertex-level
and partition-level pruning techniques to further reduce redundant computation and I/O overhead.
• Comprehensive Experimental Evaluation.We conduct an extensive experimental study to
evaluate the effectiveness of our GS, bound construction, and pruning strategies across six widely
used real-world datasets, including the 317GB ClueWeb graph with 42.5 billion edges, and six
graph algorithms, under various configurations. As a result, Gem consistently and significantly
outperforms state-of-the-art graph processing systems.

2 Background
2.1 Bounds and Pruning
While pruning is a key technique for improving the efficiency of monotonic graph algorithms [22,
33, 47, 84], its effectiveness largely depends on the quality of the bounds. Recent approaches
estimate upper bounds (𝑈𝐵) and lower bounds (𝐿𝐵) to skip unnecessary edge updates and reduce
redundant computation. The bounds from a source vertex 𝑠𝑟𝑐 to a vertex 𝑣 , denoted𝑈𝐵(𝑠𝑟𝑐 → 𝑣)
and 𝐿𝐵(𝑠𝑟𝑐 → 𝑣), are defined as follows.

Definition 1 (Upper Bound). The upper bound 𝑈𝐵(𝑠𝑟𝑐 → 𝑣) is a close estimate that is greater
than or equal to 𝐷𝐼𝑆𝑇 (𝑠𝑟𝑐 → 𝑣).

Definition 2 (Lower Bound). The lower bound 𝐿𝐵(𝑠𝑟𝑐 → 𝑣) is a close estimate that is less than or
equal to 𝐷𝐼𝑆𝑇 (𝑠𝑟𝑐 → 𝑣).

Using Figure 1 as an example, we illustrate how the bounds can be applied to enable pruning
during shortest-path computation.

(i) If 𝐿𝐵(𝑠𝑟𝑐 → 𝑣) + 𝐿𝐵(𝑣 → 𝑑𝑒𝑠𝑡) > 𝑈𝐵(𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡), we can assert 𝑣 will never appear on the
shortest path 𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡 .
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Fig. 3. The graph sketches of running example obtained by (a) GraphQ, (b) Wonderland, and (c) our Gem.

(ii) Otherwise, if 𝐷𝐼𝑆𝑇 (𝑠𝑟𝑐 → 𝑣) + 𝐿𝐵(𝑣 → 𝑑𝑒𝑠𝑡) > 𝑈𝐵(𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡), we can safely remove 𝑣
from the computation.

(iii) If the previous two cases failed, we derive 𝐷𝐼𝑆𝑇 (𝑣 → 𝑑𝑒𝑠𝑡). In this case, if 𝐷𝐼𝑆𝑇 (𝑠𝑟𝑐 →
𝑣) + 𝐷𝐼𝑆𝑇 (𝑣 → 𝑑𝑒𝑠𝑡) > 𝑈𝐵(𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡), we can still remove 𝑣 from the computation.

To estimate bounds, existing approaches like Triplion [47] apply the triangle inequality to
compute both upper and lower bounds.
Definition 3 (Triangle Inequality). Given three vertices 𝑠𝑟𝑐 , ℎ, and 𝑑𝑒𝑠𝑡 , 𝐷𝐼𝑆𝑇 (𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡) ≤
𝐷𝐼𝑆𝑇 (𝑠𝑟𝑐 → ℎ) + 𝐷𝐼𝑆𝑇 (ℎ → 𝑑𝑒𝑠𝑡).
Triplion uses the triangle inequality to compute the upper bound as 𝑈𝐵(𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡) =

𝐷𝐼𝑆𝑇 (𝑠𝑟𝑐 → ℎ) + 𝐷𝐼𝑆𝑇 (ℎ → 𝑑𝑒𝑠𝑡), based on precomputed distances to hub vertices. SGraph [22]
applies a similar approach for lower bounds, using 𝐿𝐵(𝑠𝑟𝑐 → 𝑣) = 𝐷𝐼𝑆𝑇 (ℎ → 𝑠𝑟𝑐) −𝐷𝐼𝑆𝑇 (𝑣 → ℎ),
and similarly for 𝐿𝐵(𝑣 → 𝑑𝑒𝑠𝑡), treating each 𝑣 as a hub. To improve pruning, multiple hubs are
typically selected.

2.2 Graph Sketch
As shown in Table 1, existing out-of-core engines such as GridGraph [111] do not provide a graph
sketch with navigation capabilities, which are essential for propagating information across graph
partitions and reducing disk I/O. To address this limitation, GraphQ [87] introduced the concept of
a graph sketch (GS) to guide point-to-point queries in out-of-core settings [29]. The sketch acts as
a compact contraction of the original graph, preserving key structural properties while reducing
its size. Similar ideas also appear in classical graph partitioning and coarsening techniques, such as
those used in METIS [13, 48]. In GraphQ, nearby vertices are grouped into abstract vertices. An
abstract edge is created between two abstract vertices 𝐴 and 𝐵 if any vertex in 𝐴 is connected to
a vertex in 𝐵 (see Figure 3a). This allows GraphQ to avoid loading partitions when no abstract
connections exist, thus reducing unnecessary I/O. However, GraphQ’s sketch lacks real edges and
therefore cannot support effective navigation.

Wonderland [103] uses a graph sketch built from real edges, unlike GraphQ, which may introduce
abstract edges not present in the original graph. For shortest path queries, Wonderland selects
the top-𝑘 lightest edges to form the sketch, helping guide graph traversal. In each iteration, a
graph partition is loaded from disk and merged with the in-memory sketch to create a working
subgraph. Since the sketch is kept in memory across iterations, it participates in every update. This
weight-based sketch effectively accelerates out-of-core graph processing.

3 Motivation and Challenges

Although prior work has explored bound-based pruning for monotonic graph algorithms and
graph sketching for large-scale single-machine processing, two key challenges remain: (1) limited

Proc. ACM Manag. Data, Vol. 3, No. 6 (SIGMOD), Article 330. Publication date: December 2025.



330:6 Chengying Huan et al.

12

1

3

5

7

88

7

7

23

13

11

9
12

14

18

27

4

6

dest

src

2
h

(a) Running example.

DIST(2→1) 8
DIST(2→2) 0
DIST(2→3) 7
DIST(2→4) 11
DIST(2→5) 62
DIST(2→6) 50
DIST(2→7) 23
DIST(2→8) 13

(b)

DIST(1→2)
DIST(2→2) 0
DIST(3→2) 67
DIST(4→2) 60
DIST(5→2) 9
DIST(6→2) 21
DIST(7→2) 48
DIST(8→2) 66

(c)

LB(6→1) 0
LB(6→2) 21
LB(6→3) 0
LB(6→4) 0
LB(6→5) 12
LB(6→6) 0
LB(6→7) 0
LB(6→8) 0

(d)

LB(6→1) 28
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(e)

Fig. 4. Running example with the distances from vertex ℎ = 2 to others and comparison of lower bounds
(LBs) in SGraph and Gem: (b) Distance from 2 to 𝑣 ; (c) Distance from 𝑣 to 2; (d) SGraph LB from 𝑠𝑟𝑐 to 𝑣 ; (e)
Gem LB from 𝑠𝑟𝑐 to 𝑣 .
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pruning effectiveness due to current loose bound estimations, and (2) insufficient navigational
capabilities in existing graph sketches, which restrict efficient query traversal. Below, we elaborate
on the challenges outlined in Section 1, as detailed in the following:
Challenge I. Ineffective Memory-Constrained Bound Estimation. As discussed above and
shown in Table 1, existing pruningmethods formonotonic algorithms such as the hub-based strategy
in SGraph [22] are inefficient under memory constraints. These approaches rely on precomputed
distances from hub vertices, which consume large amounts of memory and often produce imprecise
bounds, limiting their pruning effectiveness on large-scale graphs.

High Memory Usage. For each hub vertex ℎ, the method computes and stores both forward and
reverse distances to each other vertex, i.e., DIST(ℎ → 𝑣) and DIST(𝑣 → ℎ), resulting in a memory
cost of 2|𝑉 | per hub. This leads to a total space complexity of 2 ·Hub · |𝑉 |. When using 16 hubs, which
is the default setting in SGraph, the memory overhead becomes substantial. For relatively sparse
datasets (i.e., those with a high vertex-to-edge ratio), such as LiveJournal (LJ) [4], Yahoo (YH) [2],
and Dimacs (DM) [5], the index size can exceed the size of the raw graph itself, as illustrated in
Figure 5. For other datasets used in the experiments, the index size often exceeds 50% of the dataset
size, making this approach impractical under single-machine.

Imprecise Bounds. To meet the memory limit, when only a small number of hubs can be used,
the selected hub vertices may fail to capture long-range connectivity, leading to imprecise lower
bounds. Figure 4 shows an example where the shortest path is computed from vertex 6 to vertex 4.
SGraph selects vertex 2, which is the highest-degree node, as the hub vertex ℎ, and precomputes
distances from and to ℎ for all vertices, as shown in Figures 4b and 4c. The resulting lower bounds,
presented in Figure 4d, include many invalid or zero-valued entries, which are ineffective for
pruning. Figure 6 shows the proportion of vertices for which the hub-based method achieves the
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same bound precision as our approach. The results highlight a clear gap in bound tightness, with
fewer than 20% of vertices matching our precision, while the majority exhibit looser estimates.

Key Insight I. Building on Challenge I, our key insight is that graph sketches enable more efficient
bound estimation than hub-based methods under memory constraints, making them better suited for
single-machine out-of-core settings, particularly on large-scale graphs. However, this introduces
a new challenge: conventional graph sketches remain inefficient when applied to out-of-core
monotonic graph algorithms.
Challenge II. Ineffective Graph Sketches. Existing state-of-the-art graph sketches, such as the
weight-based graph sketch used in Wonderland [103], lack global topological awareness, limiting
their ability to compute tight bounds and hindering effective navigation. Both of them are essential
for efficient out-of-core graph processing. Specifically, we identify two key limitations:

Ineffective Bound Estimation.As observed, bounds computed directly from existing graph sketches
such as Wonderland [103] are often even looser than those from hub-based methods. This is mainly
because such sketches fail to preserve graph connectivity and topological structure, resulting in
a high proportion of invalid (zero-valued) or overly loose bounds. Consequently, pruning perfor-
mance degrades significantly. As shown in Figure 6, fewer than 6.5% of vertices yield bounds as
precise as those from our method.

Poor Navigation Capability. GraphQ [87] builds abstract sketches that lack a direct mapping to
original graph edges (Figure 3a), limiting their ability to reduce data access or support effective
information propagation across partitions. This severely slows convergence, leading to significantly
lower performance compared to more recent systems like Wonderland [103]. Wonderland improves
by using actual edges but relies solely on edge weights, failing to capture global topology. As
shown in Figure 3b, this can result in selecting rarely traversed edges (e.g., red edges), which offer
poor guidance for inter-partition propagation and delay convergence. For example, under an 8GB
memory constraint on the 17GB Twitter graph, GraphQ takes 291.55 s to compute shortest paths,
Wonderland takes 24.37 s, while our approach completes in just 4.48 s.

Key Insight II. Building on the above challenge, our second key insight is that constructing graph
sketches using both edge weights and the likelihood of edges appearing in monotonic query results
(e.g., shortest paths) helps preserve query-relevant topological structure. This joint design improves
navigational capability and enhances bound accuracy on graph sketches, enabling more effective
pruning in out-of-core settings.

4 Overview

Building on the above key insights, our core idea is to leverage PageRank as a metric to construct a
navigable graph sketch that facilitates information propagation across graph partitions in out-of-core
settings. Our adoption of PageRank is motivated by the key observation that the likelihood of an
edge appearing in the result path of a monotonic query correlates with its visitation probability during
a random walk, a property that PageRank effectively captures. By leveraging this insight, the
PageRank-guided graph sketch preserves essential topological structures and enables efficient navi-
gation across graph partitions. This design achieves a favorable balance between low preprocessing
overhead and high-performance query execution (see Section 7.14).
Based on the above idea, we propose Gem, a novel monotonic graph processing engine for

single-machine execution which uses a navigable PageRank-based graph sketch to efficiently
propagate information between graph partitions. We also design a graph abstraction that combines
the graph sketch with graph partitions to estimate tighter and more accurate bounds for pruning
monotonic graph queries. Gem ’s workflow has two main stages: offline preprocessing and online
query processing. In the out-of-core setting, the workflow is as follows:
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PageRank-based 
graph sketch (§3.1)

Graph abstraction 
construction (§3.2)

GA-based bound 
calculation (§3.3)

Graph partition 
loading scheduling

Vertex-level pruning 
& computation

Partition-level pruning 
& computation

GA-based scheduling and pruning (§3.4)

Gem supported graph algorithms (§3.5)

Fig. 7. The architecture of Gem.

• Offline Preprocessing Stage. In this stage, Gem employs PageRank to guide the construction of
a navigable graph sketch (see Section 5.1). It first computes PageRank scores for all vertices and
ranks edges based on a combination of their weights and the PageRank values of their endpoints.
The top-ranked edges are then selected to form the graph sketch. Subsequently, Gem constructs a
graph abstraction (GA) by representing each graph partition as a vertex and incorporating both
graph sketch edges and inter-partition edges (see Section 5.2).
• Online Graph Query Stage. During query execution, Gem first estimates pruning bounds using
the GA, which is compact enough to reside entirely in memory with minimal overhead (Section 5.3).
Then, for each iteration of the monotonic graph algorithm, Gem first updates the in-memory graph
sketch, followed by updating each partition using a combination of vertex-level and partition-level
pruning strategies (Section 5.4).

Supported Execution Modes. Gem supports single-machine graph processing across multiple
execution modes, including in-memory, out-of-core, and out-of-GPU-memory, as detailed below:
• In-Memory Execution. In this mode, both the graph sketch and the original graph are fully
stored in memory. Since there is no disk I/O involved, the navigation benefits of the graph sketch are
diminished. However, the graph abstraction-based pruning remains effective by reducing redundant
computations and search space.
• Out-of-Core Execution. In the out-of-core setting, the graph sketch is retained in memory
while the partitioned graph resides on disk. The PageRank-based graph sketch efficiently guides
information propagation across partitions, reducing the number of iterations and lowering disk I/O
overhead. In addition, the proposed pruning strategies further reduce the search space, leading to
improvements in both I/O efficiency and computation time.
• Out-of-GPU-Memory Execution. Similar to the out-of-core setting, in the out-of-GPU-memory
mode, Gem stores the graph sketch in GPU HBM, keeps the partitioned graph in CPU DRAM, and
loads graph partitions into GPU memory sequentially until convergence. This design leverages the
PageRank-based graph sketch to reduce CPU-to-GPU data transfers and uses graph abstraction to
prune redundant search space.

5 Gem System Design

Figure 7 illustrates the main components of Gem, which include graph sketch and abstraction
construction, bound calculation, and runtime execution. For simplicity, we use the shortest path
algorithm as the running example throughout the paper. However, the proposed techniques are
applicable to a broad class of monotonic graph algorithms (Section 5.5).
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Fig. 8. (c) Gem selects a superior graph sketch as a "bridge" between partitions compared to (a) Wonderland.

5.1 PageRank-based Graph Sketch (GS)
We first present our PageRank-based graph sketch, designed to enable effective navigation across
graph partitions.

Gem’s Metric for Sketch Construction. We introduce the following metric for graph sketch
construction, for each 𝑒 (𝑣,𝑢 ) :

𝑃𝑒 (𝑣,𝑢) =𝑚𝑖𝑛{𝑅(𝑣), 𝑅(𝑢)}, (1)

𝑆𝑒 (𝑣,𝑢) = 𝑃𝑒 (𝑣,𝑢) ⊕𝑤𝑒 (𝑣,𝑢) , (2)
where 𝑅(𝑣), 𝑅(𝑢), 𝑤𝑒 (𝑣,𝑢) are the PageRank values of source 𝑣 and destination 𝑢 of edge 𝑒 (𝑣,𝑢 ) ,

and edge weight for edge 𝑒 (𝑣,𝑢 ) . 𝑃𝑒 (𝑣,𝑢) is defined as the minimum PageRank value of the vertices at
each edge 𝑒 (𝑣,𝑢 ) , respectively. Then, 𝑆𝑒 (𝑣,𝑢) denotes the PageRank value of each edge 𝑒 (𝑣,𝑢 ) which is
derived with 𝑃𝑒 (𝑣,𝑢) and𝑤𝑒 (𝑣,𝑢) following operator ⊕. Edges with higher PageRank values are selected
in the graph sketch. In practice, we do not wait for the convergence of the PageRank calculation,
as it can be too time-consuming. We use the PageRank values after 10 iterations (Section 7.7).
For the shortest path, ⊕ is defined as a divide function, that is,

𝑃𝑒 (𝑣,𝑢)
𝑤𝑒 (𝑣,𝑢)

. This implies that edges
with smaller weights, and whose source and destination vertices have higher PageRank values, will
have a higher probability of efficiently propagating information between different graph partitions.
We chose such edges for our graph sketch. Other graph algorithms are defined in Section 5.5.

Gem offers a better graph sketch than the other related works mainly because PageRank selects
the edges that are topologically important.. Figure 8 exemplifies this fact. For the same toy example
in Figure 8a, we partition it into four partitions in Figure 8b. One can see that none of the three
edges in the Wonderland sketch connects different partitions in Figure 8a. In contrast, Gem offers a
better sketch, as shown in Figure 8c, edge 𝑒 (4,7) bridges the partitions G1, G3 and G4, 𝑒 (5,2) bridges
all partitions, and 𝑒 (6,5) links G3 to G4. In addition, we incorporate local edge weight information
into our metric to strike a balance between local and global information.

It is worth noting that our running example is not a special case that PageRank is more effective
at identifying global bridge edges than the weight-based method employed by Wonderland. Let the
adjacency matrix of the graph be 𝐴, and the diagonal degree matrix be 𝐷 . We arrive at the original
stochastic matrix 𝑃 as 𝑃 = (𝐷−1𝐴)𝑇 . We update the stochastic matrix with damping factor 𝑐 :

𝑃 ′ = (1 − 𝑐) (𝑃 +
∑

𝑗 1𝑗
𝑛

) + 𝑐
𝐼

𝑛
, ∀𝑗 s.t.

𝑛∑︁
𝑖=1

𝑝𝑖 𝑗 = 0, (3)

where 𝐼 is an identity matrix, and 1𝑗 means a 𝑛 × 𝑛 matrix with the elements in column 𝑗 are 1,
and others are 0. 𝑃 ′ is a column stochastic matrix, which means that 𝑃 ′ must have an eigenvalue
𝜆1 = 1. Since every element 𝑝′𝑖 𝑗 > 0, 𝑃 ′ is a primitive matrix. According to the Perron-Frobenius
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theorem, the Markov chain has a unique stationary distribution 𝜋 and converges to it from any
initial distribution. So, the PageRank vector is defined as 𝜋 , more precisely as 𝑃 ′𝜋 = 𝜋 , where 𝜋 > 0
and 1𝑇𝜋 = 1.
PageRank 𝜋𝑖 can be interpreted in the context of web surfers. Starting from any node of the

graph, the PageRank value of each node is the potential probability that a web surfer will arrive at
that particular node. Clearly, edges with higher PageRank values are topologically critical edges.

5.2 Graph Abstraction (GA) Construction
Building on the PageRank-based graph sketch, we introduce a graph abstraction (GA) that enables
efficient computation of tight bounds. Gem maintains two GAs: a forward GA and a backward
GA. For example, in the shortest path algorithm, the forward GA estimates 𝐿𝐵(𝑠𝑟𝑐 → 𝑣) and the
backward GA estimates 𝐿𝐵(𝑣 → 𝑑𝑒𝑠𝑡). Other monotonic algorithms, like the widest path, also rely
on both GAs to compute upper bounds in each direction.

Each GA is a graph containing a vertex set, an edge set, and edge weights. The vertex set contains
the source and destination vertices of the graph sketch and the abstract vertices. Here, each graph
partition is treated as an abstract vertex. Notably, the vertex set is the same for both forward and
backward GAs.

1 func ForwardGA(GA, Sketch, G)
2 foreach 𝐺𝑖 ∈ G: //Green edges
3 foreach 𝐺 𝑗 ∈ G:
4 if 𝐺𝑖 .𝑖𝑛_𝑣𝑒𝑟𝑡𝑒𝑥 ∩ 𝐺 𝑗 .𝑜𝑢𝑡_𝑣𝑒𝑟𝑡𝑒𝑥 != ∅:
5 𝐺𝐴.add_edge(𝐺𝑖 , 𝐺 𝑗 , 𝐺𝑖 .𝑚𝑖𝑛_𝑒𝑑𝑔𝑒)
6 foreach v ∈ Sketch: //Blue edges
7 foreach 𝐺𝑖 ∈ G:
8 if v ∈ 𝐺𝑖 .𝑜𝑢𝑡_𝑣𝑒𝑟𝑡𝑒𝑥 :
9 𝐺𝐴.add_edge(v, 𝐺𝑖 , 0)
10 if v ∈ 𝐺𝑖 .𝑖𝑛_𝑣𝑒𝑟𝑡𝑒𝑥 :
11 𝐺𝐴.add_edge(𝐺𝑖 , v, 𝐺𝑖 .𝑚𝑖𝑛_𝑒𝑑𝑔𝑒)

Fig. 9. Algorithm for the forward GA construction.

The edge and weight sets construction are slightly more complex: forward (backward) GA
contains (i) the (inverse of) red sketch edges (real edges); (ii) the green edges between graph
partitions (bound-aware virtual edges); (iii) the blue edges connecting vertices in the graph
sketch with the graph partitions (bound-aware virtual edges). Since the red edges are either the
sketch or simply the transpose of the sketch for forward and backward GAs, respectively, we only
explain how to build the green and blue edges.
Forward GA: Construction Rule of Green Edges Between Graph Partitions. Figure 9

shows the pseudocode for constructing green edges in the forward GA. For each partition pair 𝐺𝑖

and 𝐺 𝑗 , if they share a vertex that has an in-neighbor in 𝐺𝑖 and an out-neighbor in 𝐺 𝑗 , we add a
green edge 𝐺𝑖 → 𝐺 𝑗 . The edge weight depends on the algorithm: the minimum edge weight in 𝐺𝑖

for shortest path, the maximum for widest path, and 1 for reachability. For example, in Figure 10a,
edge (𝐺2 → 𝐺4, 13) is created by vertex 8, where 13 is the minimum edge weight in 𝐺2. This edge
is valid because: (i) Vertex 8 links 𝐺2 to 𝐺4 through its in- and out-edges, (ii) The minimum weight
in𝐺2 gives a valid bound for transitions to𝐺4, and (iii) The weight can be precomputed and cached,
avoiding reloading 𝐺2. Note that only the source partition contributes to the bound in forward GA,
so 𝐺4’s weights are not used.
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Fig. 10. The (a) Forward GA and (b) Backward GA example.

Forward GA: Construction Rule of Blue Edges Between Graph Sketch and Graph Parti-
tions. Blue edges link sketch vertices and graph partitions to ensure connectivity, as each sketch
vertex must appear in at least one partition. As shown in Figure 9, there are two types of blue edges:
(i) from sketch vertices to partitions, and (ii) from partitions to sketch vertices. For type (i), if a
sketch vertex has an outgoing edge in a partition, we add a blue edge from the sketch vertex to that
partition. This edge is assigned a weight of 0 to indicate that the vertex belongs to the partition.
For example, in Figure 10a, we create edges from vertex 2 to𝐺1 and𝐺2, from vertex 5 to𝐺3 and𝐺4,
and from vertex 7 to𝐺4. For type (ii), if a partition contains an edge pointing to a sketch vertex, we
create an edge from the partition to that sketch vertex. The edge weight is set to the minimum edge
weight in the partition to provide a valid bound for all transitions. For instance, since partition 𝐺4
connects to vertices 6 and 7, we add edges𝐺4 → 6 and𝐺4 → 7, both with weight 14, the minimum
weight in 𝐺4.

1 func BackwardGA(GA, Sketch𝑇 , G)
2 foreach 𝐺𝑖 ∈ G: //Green edges
3 foreach 𝐺 𝑗 ∈ G:
4 if 𝐺𝑖 .𝑜𝑢𝑡_𝑣𝑒𝑟𝑡𝑒𝑥 ∩ 𝐺 𝑗 .𝑖𝑛_𝑣𝑒𝑟𝑡𝑒𝑥 != ∅:
5 𝐺𝐴.add_edge(𝐺𝑖 , 𝐺 𝑗 , 𝐺𝑖 .𝑚𝑖𝑛_𝑒𝑑𝑔𝑒)
6 foreach v ∈ Sketch𝑇 : //Blue edges
7 foreach 𝐺𝑖 ∈ G:
8 if v ∈ 𝐺𝑖 .𝑖𝑛_𝑣𝑒𝑟𝑡𝑒𝑥 :
9 𝐺𝐴.add_edge(v, 𝐺𝑖 , 0)
10 if v ∈ 𝐺𝑖 .𝑜𝑢𝑡_𝑣𝑒𝑟𝑡𝑒𝑥 :
11 𝐺𝐴.add_edge(𝐺𝑖 , v, 𝐺𝑖 .𝑚𝑖𝑛_𝑒𝑑𝑔𝑒)

Fig. 11. Algorithm for backward GA construction.

Backward GA Construction. In the backward GA, the graph is transposed, reversing edge
directions while keeping weights from the new source partitions. The pseudocode is shown in
Figure 11. For green edges, if a vertex is shared between partitions𝐺𝑖 and𝐺 𝑗 , and has an out-neighbor
in 𝐺𝑖 and an in-neighbor in 𝐺 𝑗 , we add an edge 𝐺𝑖 → 𝐺 𝑗 . For example, the edge (𝐺4 → 𝐺2, 14)
in Figure 10b. For blue edges, we consider two cases: (i) An edge from each sketch vertex to its
partition with weight 0. (ii) An edge from a partition to a sketch vertex if it has outgoing neighbors
there, using the partition’s minimum edge weight. Figure 10b shows examples: edge 4 → 𝐺1 (weight
0) and edge 𝐺4 → 5 (weight 14).

5.3 GA-based Bound Construction
Based on the proposed GA, this section presents the strategy for calculating the tight bounds.
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(a) Forward GA. 

(b) Backward GA. (c) Forward and backward LB.
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Fig. 12. Forward LB and backward LB of example graph, where for query 6 → 4.

Given a shortest-path query 𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡 , we derive the 𝐿𝐵(𝑠𝑟𝑐 → 𝑣) and 𝐿𝐵(𝑣 → 𝑑𝑒𝑠𝑡) based on
the forward and backward GAs. This process is achieved in two steps: (i) we derive the 𝐿𝐵(𝑠𝑟𝑐 → 𝑣)
and 𝐿𝐵(𝑣 → 𝑑𝑒𝑠𝑡) for the endpoints of the sketches and graph partitions. (ii) Based on step (i), we
derive the 𝐿𝐵(𝑠𝑟𝑐 → 𝑣) and 𝐿𝐵(𝑣 → 𝑑𝑒𝑠𝑡) for the other vertex 𝑣 of the entire graph.
Adopting programming style, we use the forward array 𝐹 [𝑣] to replace 𝐿𝐵(𝑠𝑟𝑐 → 𝑣), and the

backward array 𝐵 [𝑣] to represent 𝐿𝐵(𝑣 → 𝑑𝑒𝑠𝑡). 𝐹 [] and 𝐵 [] are built on the forward and backward
GAs, respectively.

For step (i), 𝐹 [] and 𝐵 [] for each sketch vertex are directly derived by applying the shortest path
algorithm on the GAs. In particular, we use the shortest path algorithm in the forward GA from 𝑠𝑟𝑐

to derive 𝐹 [], and that on the backward GA from 𝑑𝑒𝑠𝑡 for 𝐵 []. Subsequently, we derive the 𝐹 and 𝐵
of each graph partition𝐺𝑖 as follows. Since we treat𝐺𝑖 as an abstract vertex and 𝑣 which resides in
𝐺𝑖 and has outgoing neighbors in 𝐺𝑖 separately, 𝐹 [𝐺𝑖 ] is set as𝑚𝑖𝑛{𝐹 [𝐺𝑖 ], 𝐹 [𝑣]}. Similarly, for the
backward GA, all edges are reversed, so 𝐵 [𝐺𝑖 ] is set as𝑚𝑖𝑛{𝐵 [𝐺𝑖 ], 𝐵 [𝑣]} with 𝑣 in the neighbors
of 𝐺𝑖 . The rationality behind this design is that the bound of each graph partition is equal to the
min or max of the bound of each out vertex inside the graph partition.

Figure 12 exemplifies the process with a graph query from 6 to 4. We focus on the graph partition
𝐺4. We first use the shortest path to get 𝐹 [𝐺4] = 12. Subsequently, since the sketch vertex 5 and 7
are the vertices with outgoing neighbors in 𝐺4, we arrive at 𝐹 [𝐺4] =min{𝐹 [𝐺4], 𝐹 [5], 𝐹 [7]} = 12.

Once step (i) is done, step (ii) falls into three cases:
• Case 1: If 𝑣 is in the graph sketch, we directly use the calculated 𝐹 [𝑣] for 𝐿𝐵(𝑠𝑟𝑐 → 𝑣) and 𝐵 [𝑣]
for 𝐿𝐵(𝑣 → 𝑑𝑒𝑠𝑡), respectively.

• Case 2: If 𝑣 is not in the graph sketch and has outgoing neighbors in several graph partitions,𝐺𝑖 ’
s, 𝐹 [𝑣] =𝑚𝑖𝑛{𝐹 [𝐺𝑖 ]} for all 𝐺𝑖 ’s. Further, (i) If 𝑣 holds in neighbors from graph partitions 𝐺 𝑗 ’s,
we have 𝐵 [𝑣] =𝑚𝑖𝑛{𝐵 [𝐺 𝑗 ]}. (ii) If 𝑣 does not have any in neighbors from any graph partitions,
which means the 𝐿𝐵(𝑣, 𝑑𝑒𝑠𝑡) is at least the distance of the shortest edge in this 𝐺𝑖 plus 𝐿𝐵(𝑣,𝐺𝑖 ),
so 𝐵 [𝑣] =𝑚𝑖𝑛{𝐵 [𝐺𝑖 ] +𝐺𝑖 .𝑚𝑖𝑛_𝑒𝑑𝑔𝑒}.

• Case 3: If 𝑣 is not in the graph sketch and only has in neighbors from several graph partitions𝐺𝑖 ’s,
this means 𝐿𝐵(𝑠𝑟𝑐, 𝑣) is at least the distance of smallest edge weight in each 𝐺𝑖 plus 𝐿𝐵(𝑠𝑟𝑐,𝐺𝑖 ).
That is, 𝐹 [𝑣] =𝑚𝑖𝑛{𝐹 [𝐺𝑖 ] +𝐺𝑖 .𝑚𝑖𝑛_𝑒𝑑𝑔𝑒}, and 𝐵 [𝑣] =𝑚𝑖𝑛{𝐵 [𝐺𝑖 ]}.

Figure 12 shows three cases: Case 1: Vertices {2, 4, 5, 6, 7}; Case 2: Vertex 3 has one out-neighbor
and one in-neighbor in 𝐺1, so 𝐹 [3] = 𝐹 [𝐺1] = 21 and 𝐵 [3] = 𝐵 [𝐺1] = 0. Also, 𝐵 [7] is updated
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as min{𝐵 [7], 𝐵 [𝐺4]}; Case 3: Vertex 1 only has an in-neighbor from 𝐺1, so 𝐹 [1] = 𝐹 [𝐺1] +
𝐺1.min_edge = 28 and 𝐵 [1] = 𝐵 [𝐺1] = 0.

5.4 GA-based Scheduling and Pruning
Using the proposed bounds, we design effective scheduling and pruning strategies for both graph
partitions and vertices to reduce redundant computations and minimize disk I/O.

Graph Partition Scheduling. Gem loads graph partitions based on their priority, defined using
bounds. For each partition 𝐺𝑖 ∈ G, the priority is Combine(𝐹 [𝐺𝑖 ], 𝐵 [𝐺𝑖 ]), e.g., 𝐹 [𝐺𝑖 ] + 𝐵 [𝐺𝑖 ] for
shortest paths. After the first iteration, 𝐹 [𝐺𝑖 ] is updated using distances from vertices in 𝐺𝑖 , and
the final priority becomes min{𝐹 [𝐺𝑖 ] + 𝐵 [𝐺𝑖 ]}. This approach favors loading partitions that are
more likely to lead to shorter paths, thereby accelerating convergence.
Vertex-level Pruning. For a particular query 𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡 and the to-be-loaded edge (𝑣,𝑢,𝑤),

our GA-based pruning approach comprises the following three steps:
• Step 1: We check if the sum of the forward and backward bounds of 𝑣 exceeds the current
distance (noted 𝑑𝑖𝑠𝑡 [𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡]) from the source vertex 𝑠𝑟𝑐 to the destination vertex 𝑑𝑒𝑠𝑡 , e.g.,
𝐹 [𝑣] + 𝐵 [𝑣] ≥ 𝑑𝑖𝑠𝑡 [𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡] for the shortest path. If this condition is met, 𝑣 is pruned, that is,
the incoming and outgoing edges of 𝑣 will never be loaded or updated in subsequent iterations.

• Step 2: If step 1 does not hold true, we proceed to calculate 𝑑𝑖𝑠𝑡 [𝑠𝑟𝑐 → 𝑣] + 𝐵 [𝑣]. If 𝑑𝑖𝑠𝑡 [𝑠𝑟𝑐 →
𝑣] + 𝐵 [𝑣] ≥ 𝑑𝑖𝑠𝑡 [𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡], we will neither load any outgoing edges of 𝑣 nor perform any 𝑣

incurred distance updates at this iteration. Different from Step 1, since 𝑑𝑖𝑠𝑡 [𝑠𝑟𝑐 → 𝑣] could be
updated later, this step does not completely prune the vertex 𝑣 from future iterations.

• Step 3: If Step 2 turns out false, which implies there is a possibility that the shortest path
𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡 passes 𝑣 , we therefore load the edge (𝑣,𝑢,𝑤). Now, we can check if 𝑑𝑖𝑠𝑡 [𝑠𝑟𝑐 →
𝑣] +𝑤 + 𝐵 [𝑢] ≥ 𝑑𝑖𝑠𝑡 [𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡]. If yes, we will neither update 𝑑𝑖𝑠𝑡 [𝑠𝑟𝑐 → 𝑢], nor activate 𝑢.
Otherwise, we will update 𝑑𝑖𝑠𝑡 [𝑠𝑟𝑐 → 𝑢] and activate vertex 𝑢.
Note that, the triangle inequality always holds for monotonic graph workloads.
Graph Partition-level Pruning. Similar to Wonderland’s selective loading of graph partitions,

there is a chance that we might not need to load the entire graph partition. We introduce two steps
to determine the inactive partitions as follows.
• Step 4: Similar to Step 1, we treat each graph partition as a single vertex. For each partition 𝐺𝑖 ,
we check whether the sum of its forward and backward bounds exceeds the current distance
from t 𝑠𝑟𝑐 to 𝑑𝑒𝑠𝑡 . If so, we mark 𝐺𝑖 as inactive.

• Step 5: Otherwise, i.e., 𝐹 [𝐺𝑖 ] + 𝐵 [𝐺𝑖 ] < 𝑑𝑖𝑠𝑡 [𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡], we will derive tighter bounds by
assessing whether each edge within the graph partition 𝐺𝑖 does not need to be updated. This
involves checking if𝑚𝑖𝑛{𝑑𝑖𝑠𝑡 [𝑠𝑟𝑐 → 𝑣]} + 𝐵 [𝐺] ≥ 𝑑𝑖𝑠𝑡 [𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡], where 𝑣 represents the
source vertex of the edges within 𝐺𝑖 . Should this condition be satisfied, the graph partition 𝐺𝑖

can also become inactive.
As the algorithm nears convergence, more graph partitions become inactive due to effective

pruning. Thus, Steps 4–5 yield greater benefits in later iterations.
When a partition is loaded into memory, we use multithreading to update its edges in parallel

and update the dist[] array.

5.5 Gem Supported Graph Algorithms
In addition to Reachability [38], Shortest Path [27], Widest Path, and Weakly Connected Components
(WCC), which are supported by recent systems [45, 103], Gem also supports Breadth-First Search
(BFS), k-Nearest Neighbor Search (kNN) [30], and Minimum Cost Spanning Tree (MCST) [57]. Since
BFS is similar to the shortest path algorithm, we focus on the details of kNN and MCST evaluated
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Applications Reach/WCC SP/BFS/kNN/MCST WP
Method (⊕) 𝑃𝑒 (𝑣,𝑢) 𝑃𝑒 (𝑣,𝑢) /𝑤𝑒 (𝑣,𝑢) 𝑃𝑒 (𝑣,𝑢) ∗𝑤𝑒 (𝑣,𝑢)

Table 2. PageRank value method(⊕) of each edge 𝑒 (𝑣,𝑢 ) .

Applications Pruning Conditions
(a) Reachability/WCC 𝑈𝐵(𝑠𝑟𝑐 → 𝑣) ×𝑈𝐵(𝑣 → 𝑑𝑒𝑠𝑡) = 0
(b) Shortest Path/
BFS/kNN/MCST

𝐿𝐵(𝑠𝑟𝑐 → 𝑣) + 𝐿𝐵(𝑣 → 𝑑𝑒𝑠𝑡) ≥
𝑈𝐵(𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡)

(c) Widest Path min{𝑈𝐵(𝑠𝑟𝑐 → 𝑣),𝑈 𝐵(𝑣 → 𝑑𝑒𝑠𝑡)} ≤
𝐿𝐵(𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡)

Table 3. LB/UB usage for various graph algorithms.

in Section 7.2. Table 2 shows the PageRank calculation strategy for different graph applications,
and Table 3 shows the bound usage and pruning conditions of these algorithms.
(a) Reachability/WCC: Reachability and WCC are unweighted graph queries important for

tasks like graph clustering [73] and higher-order connectivity [14]. As shown in Table 2, the
PageRank score of an edge, 𝑆𝑒 (𝑣,𝑢) , equals 𝑃𝑒 (𝑣,𝑢) since it depends only on vertex PageRank values,
not edge weights. In Table 3, for both Reachability and WCC, we define the connectivity bound
from the source to vertex 𝑣 as 𝑈𝐵 [𝑠𝑟𝑐 → 𝑣], and from 𝑣 to destination as 𝑈𝐵 [𝑣 → 𝑑𝑒𝑠𝑡]. We set
𝑈𝐵 [𝑠𝑟𝑐 → 𝑣] = 0 if no path exists in the forward GA, and 1 otherwise. Similarly, 𝑈𝐵 [𝑣 → 𝑑𝑒𝑠𝑡]
is derived from the backward GA. A vertex 𝑣 is pruned if 𝑈𝐵 [𝑠𝑟𝑐 → 𝑣] × 𝑈𝐵 [𝑣 → 𝑑𝑒𝑠𝑡] = 0;
otherwise, it remains active.

(b) Shortest Path/BFS/kNN/MCST: To address the queries of the shortest path or kNN problem,
the PageRank value of each edge 𝑆𝑒 (𝑣,𝑢) is defined as

𝑃𝑒 (𝑣,𝑢)
𝑤𝑒 (𝑣,𝑢)

because it is higher when the edge
weight is smaller and we refine the functionality of the bounding function 𝐿𝐵 as detailed above.
Here we explain the key pruning condition for it. As shown in Table 3, we can get 𝐿𝐵 [𝑠𝑟𝑐 → 𝑣]
and 𝐿𝐵 [𝑣 → 𝑑𝑒𝑠𝑡] from the forward and backward GA, separately. Then, if 𝐿𝐵 [𝑠𝑟𝑐 → 𝑣] +𝐿𝐵 [𝑣 →
𝑑𝑒𝑠𝑡] ≥ 𝑈𝐵 [𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡], then 𝑣 is pruned. And note that for applications like Breadth-First Search
(BFS), similar to the shortest path problem, we use the same pruning condition but treat all edge
weights as 1.

(c) Widest Path: For the widest path problem, the objective is to find a path where the smallest
edge weight along the path is maximized. We define the PageRank score of each edge as 𝑆𝑒 (𝑣,𝑢) =
𝑃𝑒 (𝑣,𝑢) ·𝑤𝑒 (𝑣,𝑢) , combining PageRank and edge weight to prioritize stronger edges. Based on this, we
redefine the upper bound𝑈𝐵. As shown in Table 3, 𝑈𝐵(𝑠𝑟𝑐 → 𝑣) and 𝑈𝐵(𝑣 → 𝑑𝑒𝑠𝑡) represent the
maximum possible lower limit on the path capacity from source to 𝑣 (via forward GA) and from
𝑣 to destination (via backward GA), respectively. During pruning, if min{𝑈𝐵(𝑠𝑟𝑐 → 𝑣),𝑈 𝐵(𝑣 →
𝑑𝑒𝑠𝑡)} ≤ 𝐿𝐵(𝑠𝑟𝑐 → 𝑑𝑒𝑠𝑡), then vertex 𝑣 cannot contribute to a better solution and is pruned.

6 System Implementation and Optimizations
Implementation Details. Gem is implemented in 3K lines of C++ using mmap for out-of-core
access. We use multithreads to update each edge in parallel within the in-memory graph, including
both the graph sketch and the loaded graph partition. For data loading, MAP_PRIVATE handles static
edge data, while MADV_WILLNEED is used to prefetch vertex data with dynamic updates. Although
these flags have limited impact on performance, they simplify memory management. In each
iteration, only active vertices and their outgoing edges are loaded; processing these edges may
update the states of their destination vertices.
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6.1 Generalizability Discussion

Generalizability of GS across Different Applications. Consistent with the prior graph
sketch–based systems [45, 103], Gem allows a single graph sketch to be reused across various query
types. For example, a sketch built for shortest path queries can also support kNN and MCST, as
shown in Table 2. The sketch construction is divided into two steps: computing PageRank scores
and selecting the top-𝑘 edges with the highest scores, as defined in Equation 2. A major benefit of
this design is that PageRank needs to be computed only once. Since the edge score 𝑃𝑒 (𝑣,𝑢) remains
fixed across different queries, only the aggregation operator ⊕ varies by query type. This enables
efficient sketch reuse through a single scan of the dataset during edge selection.
Generalizability of GS across Different Execution Modes. Our PageRank-based graph

sketch supports two key optimizations: (i) Sketch-based navigation, which propagates information
across graph partitions to reduce I/O and accelerate convergence under memory constraints; and
(ii) Graph abstraction–based pruning, which estimates tight bounds to reduce the search space and
avoid redundant computations. Optimization (i) is particularly effective in memory-constrained
environments, such as out-of-core and out-of-GPU-memory settings. In contrast, optimization (ii) is
broadly applicable across all execution modes, as it enhances efficiency regardless of the platform.

6.2 Preprocessing Design and Optimizations

Out-of-core PageRank Calculation. Gem uses the PageRank value after 10 iterations (Sec-
tion 7.7), with the initial value set to 1

|𝑉 | , for sketch selection. For efficient out-of-core PageRank
calculation, we adopt LUMOS [83]. Note that for a specific graph dataset, once the PageRank value
of each vertex is computed (𝑃𝑒 (𝑣,𝑢) in Equation 1), it does not need to be recalculated for different
graph applications and the PageRank time can be averaged.

Out-of-core Top-k Edge Selection. In the edge selection stage, we select the top-𝑘 edges with
the highest PageRank scores, denoted as 𝑆𝑒 (𝑣,𝑢) . Gem avoids the need for a full sorting step by using
multithreading to find the top-𝑘 edges in an out-of-core manner. Specifically, each graph partition
is loaded into memory to build the graph sketch (GS). For each edge 𝑒 in the partition, we perform a
binary search on the sketch to find its insertion position. This follows a bucket top-𝑘 paradigm [11].
If multiple edges need to be inserted, threads perform the search in parallel. The actual insertions,
which are lightweight, can be done either serially or in parallel. This search process has a time
complexity of 𝑂

(
𝑃 log(𝑋 )

Thread_number

)
per partition and 𝑂

(
|𝐸 | log(𝑋 )

Thread_number

)
overall, where 𝑃 is the partition

size and 𝑋 is the GS size. In contrast, the traditional GA construction in Wonderland [103] requires
sorting all edges with a time complexity of 𝑂 ( |𝐸 | log |𝐸 |), which introduces significant overhead.

6.3 Graph Sketch Update for Evolving Graphs

To handle evolving graphs, we use a decoupled design that separates sketch updates from
PageRank recomputation, based on the observation that small updates have minimal impact on
sketch quality. The graph sketch is updated online using existing PageRank scores, with an amortized
cost of 𝑂 (log |𝐺𝑆 |) per edge. PageRank is recomputed only when query performance falls below a
user-defined threshold 𝛼 , at which point the sketch is refreshed. Formally, let the original graph
be G and updates be U, giving an updated graph G′ = G ∪ U. For insertions, we reuse PageRank
scores from G to compute 𝑆𝑒 (𝑣,𝑢) for each new edge 𝑒 (𝑣,𝑢) ∈ U (per Equation 2), and insert into a
max-heap Q of size |𝐺𝑆 |, costing 𝑂 ( |U| log |𝐺𝑆 |). For deletions, we remove affected edges from Q
in 𝑂 (log |𝐺𝑆 |) time.
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Graph Vertices Edges Data size Diameter
LiveJournal (LJ) [4] 4.85M 68.48M 790MB 15
Twitter (TW) [52] 41.65M 1.47B 17GB 26
Friendster (FS) [3] 65.61M 1.81B 41GB 32
Yahoo (YH) [2] 1.41B 6.64B 75GB 928
Dimacs (DM) [5] 23.94M 58.33M 668MB 8122
Clueweb (CW) [1] 978M 42.5B 317 GB 254

Table 4. Graph datasets.

To decide when to refresh PageRank, we track the average query latency. If query time on G′

exceeds that on G by more than 𝛼 , we incrementally update the PageRank scores 𝑅(𝑢) for vertices
affected by U, using the method from GraphBolt [65]. With 𝛼 = 20%, for example, PageRank on
Friendster is recomputed only after 22M edge changes, keeping overhead low for small updates.

7 Evaluation
7.1 Evaluation Setting
Testbed. All experiments are conducted on a server with two Intel(R) Xeon(R) E5-2640 v2 @ 2.00
GHz CPUs (16 threads total), 256 GB DRAM, and a 1 TB SATA SSD (650 MB/s read speed). To
enforce memory constraints in the out-of-core setting, we use the OS-level cgroup feature, following
prior work like Wonderland [103].

Graph Datasets. Table 4 lists the six graph datasets used in our evaluation. Yahoo and Clueweb
have the most vertices and edges, while Dimacs has the longest diameters. These datasets are
widely used in recent studies [22, 83], and all data is stored in CSR format.

Gem Parameter Configurations. Following the approach of Wonderland [103], we tune two
key parameters for Gem: the graph sketch (GS) size 𝑋 and the graph partition size 𝑃 , ensuring that
𝑋 +𝑃 fits within the available memory. Our experiments (see Section 7.6) show that setting𝑋 to 30%
of the graph size yields good performance. When 𝑋 < 30%, increasing 𝑋 improves performance.
Based on this, if available memory exceeds 60% of the graph size, we set 𝑋 to 30% of the total
number of edges. Otherwise, 𝑋 is set to half of the available memory divided by the size of each
edge. Once 𝑋 is fixed, we assign the largest possible 𝑃 such that 𝑋 + 𝑃 stays within the memory
limit. These values of 𝑋 and 𝑃 determine the graph abstraction (GA) size, which is used to estimate
computational bounds.
Evaluation Methodology. For the out-of-core setting, similar to state-of-the-art engines

like Wonderland [103], we set memory limits at 1
2 ,

1
4 , and

1
8 of the graph size. Our baselines

are Wonderland [103], GridGraph [111], Blaze [50], CLIP [9], LUMOS [83], RisGraph [33],
SGraph [22], Core Graph [45] and CGgraph [31]. For each application, we generate 20 random
source-destination pairs for point-to-point queries. Gem and all baselines use the same set of query
pairs for fair comparison and we verify that Gem produces the same outputs as all baselines to
ensure correctness.

7.2 Gem vs. State-of-the-art
Following prior work [103, 111], when comparing with SOTA engines, we focus on execution time
including bound estimation and graph query, since preprocessing can be amortized over multiple
queries. Details on preprocessing and end-to-end performance are provided in Section 7.14 and
Section 7.10, respectively.
Gem vs. Wonderland. Table 5 compares the execution time of Gem and Wonderland. Across

all four algorithms, Gem achieves the highest speedups on DM or YH and the lowest on LJ. For
Reachability, speedup ranges from 1.36× (LJ) to 12.58× (DM). For Shortest Path, Widest Path, and
WCC, speedups range from 2.05×, 1.97×, and 1.92× on LJ to 9.17×, 8.63×, and 8.95× on DM or YH,
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Dataset Mem
Limit

Reachability Shortest Path Widest Path WCC
Gem WL Gem WL Gem WL Gem WL

LJ
1/8 1.66

(1.36×) 2.25 3.11
(2.05×) 6.38 3.69

(1.97×) 7.27 1.42
(1.92×) 2.73

1/4 0.72
(1.60×) 1.15 1.08

(4.84×) 5.23 1.91
(5.04×) 9.63 0.52

(2.31×) 1.20

1/2 0.37
(1.94×) 0.72 0.68

(6.75×) 4.59 0.72
(6.72×) 4.84 0.22

(2.90×) 0.64

TW
1/8 3.68

(3.37×) 12.39 18.12
(2.52×) 45.66 27.12

(2.00×) 54.24 4.54
(2.60×) 11.80

1/4 1.64
(3.75×) 6.15 8.76

(3.85×) 33.72 16.27
(2.06×) 33.52 2.76

(3.83×) 10.57

1/2 0.56
(5.21×) 2.92 4.48

(5.44×) 24.37 7.92
(3.00×) 23.76 1.36

(5.35×) 7.28

FS
1/8 6.03

(3.73×) 22.49 24.24
(3.32×) 80.51 32.94

(2.47×) 81.47 10.92
(2.74×) 30.03

1/4 2.65
(4.78×) 12.68 12.56

(4.33×) 54.42 17.37
(3.25×) 56.38 6.04

(4.85×) 29.33

1/2 0.85
(4.89×) 4.15 7.30

(5.21×) 38.02 8.48
(4.52×) 38.33 3.13

(5.44×) 17.03

YH
1/8 78.24

(3.39×) 265.23 303.02
(6.42×) 1945.38 377.93

(5.43×) 2052.16 35.43
(8.43×) 298.67

1/4 38.28
(3.44×) 131.68 194.49

(6.61×) 1285.57 207.30
(6.54×) 1355.74 18.27

(8.80) 160.77

1/2 13.38
(4.42×) 59.22 97.13

(6.77×) 657.57 97.44
(7.09×) 690.84 10.72

(8.95×) 95.96

DM
1/8 14.65

(7.15×) 104.75 74.61
(7.35×) 548.38 79.20

(7.03×) 556.77 14.71
(6.93×) 101.94

1/4 8.37
(9.35×) 78.26 40.59

(8.38×) 340.14 44.78
(8.25×) 369.43 8.33

(7.50×) 62.47

1/2 3.43
(12.58×) 43.25 21.99

(9.17×) 201.64 27.27
(8.63×) 235.34 4.63

(7.87×) 36.44

CW
1/8 105.19

(3.41×) 359.30 428.91
(6.24×) 2678.21 450.28

(6.48×) 2916.87 102.66
(3.74×) 384.04

1/4 46.43
(4.16×) 193.35 217.62

(6.31×) 1372.94 214.33
(7.03×) 1506.10 49.68

(4.21×) 209.51

1/2 15.47
(5.81×) 89.90 103.13

(6.74×) 695.09 100.36
(7.59×) 761.86 25.20

(4.96×) 124.95

Table 5. Total execution time (seconds) and speedup of Gem (Ours) over Wonderland (WL).

respectively. The higher speedups on DM and YH stem from their long diameters, which require
more iterations and benefit more from GA-based cross-partition communication. In contrast, LJ
has a short diameter, limiting GA’s advantage.

We observe that increasing memory capacity consistently improves Gem’s speedup over Wonder-
land across all algorithms and datasets. More memory enables more detailed GAs, leading to tighter
bounds and better navigation. As shown in Figure 13, average speedups increase significantly, e.g.,
from 1.83× to 4.57× on LJ and from 7.11× to 9.56× on DM, indicating that Gem performs best when
sufficient memory is available to hold detailed GAs.

Gem vs. other SOTAs on Different Physical Memory Configurations. Figure 13 compares
Gem with several out-of-core graph systems including GridGraph [111], Blaze [50], CLIP [9],
LUMOS [83], and the in-memory SGraph [22], using the Shortest Path algorithm on the TW dataset.
We vary the available memory to test scalability. While CLIP and LUMOS perform well with large
memory, they degrade under tighter memory constraints. Blaze maintains stable performance in
low-memory settings via binning-based scatter-gather, but lacks GA-based pruning and incurs
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Fig. 13. Gem vs. SOTAs.
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Fig. 14. Bound estimation.
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Fig. 15. Comparison of PageRank-based GS (Gem), weight-based GS (Wonderland), degree-based GS and
randomly selected GS.

more I/O. Overall, Gem outperforms all baselines, achieving up to 135.40× speedup over GridGraph,
44.21× over LUMOS, 23.44× over CLIP, and 14.90× over Blaze.

For SGraph, which was not designed as an out-of-core engine, we modified it to map its files
(graph data, distance array, and bound array) directly from disk to memory using themmap function.
We found that SGraph performs poorly with low memory capacity, as it requires a large amount
of space to calculate bounds using the triangle inequality. Its performance improves as available
memory increases. Nonetheless, Gem consistently outperforms SGraph across all memory limits,
achieving speedups from 14.90× to 38.26×.

Bound Estimation Time. Figure 14 shows the bound estimation time across different datasets
and memory limits. It accounts for only 0.58% ∼ 12.51% of total execution time. Since the graph
abstraction (GA) is much smaller than the full graph and fits in memory, fast in-memory algorithms
(e.g., Dijkstra) can be used, keeping bound estimation efficient.

7.3 Efficiency of PageRank-based GS
To evaluate the efficiency of Gem’s navigable PageRank-based graph sketch (GS), we compare
it with other GS selection strategies: the weight-based GS (Wonderland [103]), the degree-based
GS (selecting vertices with the highest 𝑘 degrees), and the randomly selected GS. For fairness,
we implement each GS selection strategy in Gem without applying any additional optimizations
(e.g, the bound-based pruning in Gem). We choose the shortest path as the application and set the
memory limit as 1/2 for each dataset size.
In Figure 15, Gem’s PageRank-based GS outperforms other graph sketch (GS) strategies, with

speedups of 1.36×–3.86× over weight-based GS (Wonderland), 1.72×–6.69× over degree-based GS,
and 2.88×–17.38× over random GS. The gains are most significant on long-diameter graphs like
DM, YH, and CW, where topological information helps cross-partition propagation. Weight-based
GS performs better than degree-based GS due to its alignment with shortest-path dynamics, while
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Fig. 16. Comparison of pruning efficiency and bound tightness (ratios of tighter or equal bounds).
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Fig. 17. Active vertices and graph partitions comparison.

random GS performs the worst due to a lack of graph structure information. Gem combines edge
weights with global structure, leading to faster convergence.

7.4 Efficiency of GA-based Pruning

To demonstrate the efficiency of GA-based pruning using the tight bounds calculated by Gem,
we compare its bound-based pruning strategy with that of SGraph [22]. For fairness, we integrate
the SGraph pruning strategy into Gem and evaluate it alongside the GA-based pruning of Gem. We
choose the shortest path as the application and set the memory limit as 1/2 for each dataset size.

Figure 16 shows that our GA-based pruning in Gem achieves 1.43× to 6.66× speedup over SGraph.
The bounds in Gem are 83.42% to 96.28% tighter, with over 99% of bounds being equal or more
precise across all datasets. This enables more effective pruning for monotonic problems like shortest
path. Gem outperforms SGraph for two reasons: (i) SGraph’s triangle-inequality-based bounds are
less accurate than our GA-based bounds (Figure 16b); (ii) in out-of-core settings, SGraph stores
large distance arrays on disk, incurring high I/O when accessing hub-related data. In contrast, Gem
keeps the compact GA fully in memory, avoiding this overhead.

Gem vs. Wonderland and SGraph on Active Vertices. Figure 17 compares Gem with SGraph
in terms of the number of active vertices across different iteration counts for the shortest path
application on the TW and FS datasets. Overall, Gem activates fewer vertices and requires fewer
iterations than both SGraph and Wonderland, leading to lower execution time and reduced disk
I/O. Vertex-level pruning plays a key role in this efficiency, while graph partition-level pruning
further reduces the number of iterations needed. Additionally, Gem activates significantly fewer
graph partitions than SGraph and Wonderland, contributing to its overall superior performance.
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7.5 Scalability

Figure 18 illustrates the scalability of Gem, i.e., the execution time under varying memory limits
and thread counts with the shortest path algorithm on TW dataset. The speedup does not scale
linearly with the number of threads, because multithreading primarily accelerates the computation
phase, while disk I/O accounts for a large part of the overall execution time. However, even with
these diminishing returns, Gem achieves a commendable 3.48× speedup with 16 threads over its
single-threaded execution.

7.6 Graph Sketch Size Sensitivity
Because GA is constructed on top of the foundation of the graph sketch, i.e., GA is constructed by
GS, a fixed GS size will lead to a fixed GA size. To test the impact of GA size on Gem, we directly
study the performance of Gem under different GS sizes.

Figure 19 shows the impact of graph sketch (GS) size using the TW dataset with a memory limit
of half the dataset. We evaluate Reachability, Shortest Path, Widest Path, andWCC. A larger GS does
not always lead to better performance, i.e., it can tighten bounds and speed up convergence but also
reduces memory available for graph partitions, increasing iterations. For monotonic algorithms like
Shortest Path and Widest Path, larger partitions help convergence. Overall, the best performance
occurs when GS size is between 10% and 40% of the dataset.

7.7 PageRank Iteration Sensitivity
To assess the impact of different PageRank iterations on Gem’s performance, we evaluate the
performance of our PageRank-based graph sketch across various iterations for shortest path
queries, with the memory limit set to half of the dataset size.
Figure 20 shows the speedup achieved with different numbers of PageRank iterations, using

iteration 0 as the baseline. We observe that performance improvements plateau after 10 iterations
across all datasets. For Dimacs, which has the longest diameter, 10 iterations are needed, while
other datasets converge with fewer. This is because, as defined in Equation 2, the graph sketch
scoring metric 𝑆𝑒 (𝑣,𝑢) depends on both edge weights and PageRank values. After 10 iterations,
further changes in vertex PageRank values have little effect on 𝑆𝑒 (𝑣,𝑢) , making additional iterations
unnecessary. Therefore, we adopt 10 iterations as a default, with an early-stop policy.

7.8 Gem vs Wonderland on NVMe SSDs
This section further evaluates Gem speedup over Wonderland on high-speed storage platforms,
specifically a 512GB NVMe SSD, which offers sequential read bandwidths of 2.88GB/s. In this
assessment, shown in Figure 21, we compare Gem against Wonderland with different memory
limits on the shortest path.

Our results show that Gem achieves a speedup of 1.68× to 10.90× over Wonderland when using
NVMe SSDs. Gem performs best on graphs with longer diameters, larger memory sizes, and larger
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Fig. 21. Gem vs Wonderland on NVMe SSD with the memory limit set as 1/2, 1/4, and 1/8 of the dataset size.
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Fig. 22. In-memory comparison with SOTAs.
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Fig. 23. End-to-end time analysis.

overall sizes. For graphs of longer diameters, the navigation of the GA becomes more efficient
in propagating information between different graph partitions, thereby reducing the number of
iteration rounds. For larger memory sizes, the increased capacity leads to a larger GA, enabling it
to obtain more extensive navigation and tighter bounds. Finally, larger graphs often involve more
redundant edge updates. Our tight bound-based pruning technique can effectively reduce these
redundant edge updates, thereby minimizing disk I/O operations and computational costs.

7.9 Comparisons for In-Memory Settings
Figure 22 presents the performance comparison of SGraph [22] and RisGraph [33] with Gem on a
machine that contains 512 GB DRAM while the other configurations remain unchanged. Notably,
both SGraph and RisGraph are inherently in-memory systems.
Figure 22 shows that Gem outperforms RisGraph with speedups from 1.78× to 10.41×, and

SGraph with speedups from 1.16× to 4.79×. RisGraph does not use bounds to reduce redundant
work, whereas SGraph applies triangle inequality-based bounds for in-memory pruning. However,
SGraph’s bounds are loose, as they rely on hub distances. In contrast, Gem uses tighter bounds
from GA, resulting in stronger pruning and better in-memory performance.
This evaluation, along with Table 5 and Figure 21, demonstrates that Gem consistently outper-

forms state-of-the-art systems across different storage platforms. This superior performance stems
from Gem’s algorithm-level optimizations, which remain effective regardless of the underlying
hardware configuration.

7.10 End-to-End Comparison

Here, we evaluate the end-to-end time, including preprocessing time, bound estimation time,
and graph query time, for Gem, SGraph, and Wonderland, as shown in Figure 23. The memory is
set to half the size of the dataset for the shortest-path queries.
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While Gem includes extra PageRank computation during preprocessing, it achieves 1.02 ∼ 15.63×
and 2.35 ∼ 7.26× speedups over SGraph and Wonderland, respectively. This is due to two main
reasons: (i) For query execution (bound estimation + shortest path), Gem cuts the average runtime
from 362.9s (SGraph) and 270.2s (Wonderland) to 39.1s; (ii) For preprocessing, it reduces the average
time from 1138.6s (SGraph) and 1496.9s (Wonderland) to 606.9s. Overall, Gem lowers the end-to-end
average from 1501.5s (SGraph) and 1767.2s (Wonderland) to 646.0s. Despite the added PageRank
cost, its faster sketch selection (see Sections 6.2 and 7.14) keeps preprocessing efficient.

Role of Preprocessing Time in End-to-End Performance. As shown in Figure 23b, we report
the proportion of preprocessing time in the total end-to-end runtime. For all datasets except DM
(Dimacs), despite preprocessing accounting for over 90% of the total runtime, Gem significantly
outperforms all baselines in end-to-end performance. This highlights the system’s highly optimized
query execution and efficient preprocessing design (see Section 6.2). The DM dataset has the longest
diameter but the smallest size. It typically poses challenges for iteration-based algorithms, such
as the shortest path. For this dataset, both Gem and Wonderland spend considerably less time on
preprocessing. In Gem, PageRank converges in only a few iterations, often in as few as 10 rounds
(see Section 7.7), without needing full convergence. Wonderland selects top-weighted edges, so
its preprocessing cost mainly depends on the dataset size. As a result, the preprocessing ratios for
both systems on DM remain below 35%. These are also lower than those of SGraph, which incurs
high preprocessing costs due to computing the shortest paths from each hub to all other vertices.

7.11 PageRank vs. Other Selection Algorithms
We compared PageRank with other link analysis methods (e.g., HITS [56], TrustRank [36], Hum-
mingbird [79], SALSA [55]) and embedding-based techniques (e.g., GNNs [37]) for graph sketch
construction. Centrality-based methods, such as betweenness, were excluded because their pre-
processing did not finish within three days. Figure 24 shows preprocessing time, query time, and
end-to-end runtime on the Friendster dataset (41 GB) under a 10 GB memory limit.

For link-based methods, they behave similarly to PageRank on static graphs. HITS requires 1.4×
more preprocessing time due to slower iterative updates, but it offers similar query performance.
TrustRank adds no benefit when all nodes are seeds and reduces to PageRank. Hummingbird is
6.7× slower due to complex sorting, with no pruning gains. SALSA is similar to HITS in both
cost and effectiveness. For embedding-based methods such as GNNs, they incur high costs in
out-of-core settings due to backpropagation and frequent I/O. Specifically, using DiskGNN [61]
with GraphSAGE [37] takes 26.4 hours on FS, while our PageRank-based sketch completes in 407s.
Both achieve similar query performance (within 5%), but PageRank is 226× faster end-to-end.

In summary, PageRank offers the best trade-off between efficiency and effectiveness for out-of-
core graph sketch construction, outperforming both link analysis and GNN-based methods.
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Fig. 27. Preprocessing time analysis.

7.12 Evaluation in Distributed Settings

Gem can be naturally extended to a distributed setting, as its graph abstraction-based pruning
effectively reduces redundant computation and search space without depending on a specific
execution mode. To demonstrate this scalability, we extend Gem to distributed execution and
present experimental results in Figure 25.
As shown in Figure 25, on an 8-node cluster connected via 200 Gbps InfiniBand, Gem achieves

speedups of up to 3.81× over SGraph [22] and 5.63× over GraphScope [32]. The improvement over
SGraph is due to Gem’s precise GA-based bounds, which enable more effective pruning. In contrast,
GraphScope does not employ efficient bound-based pruning, which limits its performance.

7.13 Out-of-GPU-memory Comparisons
In this section, we evaluate the performance of Gem in out-of-GPU-memory settings by comparing
it with Core Graph [45] and CGgraph [31] on the shortest path application, using an A100 GPU
equipped with 40 GB of HBM.

As shown in Figure 26, Gem achieves a speedup of 2.16× to 16.69× over Core Graph and 2.22×
to 20.64× over CGgraph. The speedup is attributed to two main factors: (i) the PageRank-based GS
enables Gem to efficiently propagate information between different graph partitions, speeding up
convergence and significantly reducing PCIe I/O between CPU and GPU, while both Core Graph
and Subway lack a navigable GS; (ii) the efficient GA-based pruning in Gem effectively reduces
redundant edge updates and minimizes the I/O required for loading these edges to the GPU.

7.14 Study on Preprocessing
To assess preprocessing efficiency, Figure 27a compares Gem with SGraph and Wonderland. Fig-
ure 26b further breaks down Gem’s preprocessing into PageRank computation (PC) and edge
selection (ES); graph abstraction takes less than 1% of the total time. Both Gem and Wonderland
build a graph sketch, while SGraph computes distances from 16 hub vertices to all others. The
memory limit is set to half the dataset size.

As shown in Figure 27, Gem achieves up to 12.52× faster preprocessing than SGraph. Although
SGraph skips sketch construction, it incurs high overhead by computing shortest paths from all
hubs under out-of-core settings. It performs particularly poorly on long-diameter graphs like YH,
DM, and CW, while Gem remains efficient. The largest gain is on the Dimacs dataset. For smaller
graphs like LJ and TW, preprocessing times are similar, but Gem still outperforms overall. Compared
to Wonderland, Gem is up to 3.39× faster in preprocessing, despite the added PageRank step. This
is due to: (i) limiting PageRank to 10 iterations with multithreading, (ii) efficient partition access
during PageRank, and (iii) our optimized top-𝑘 edge selection with complexity 𝑂 ( |𝐸 | log(𝑋 )

Thread_number ),
compared to Wonderland’s 𝑂 ( |𝐸 | log |𝐸 |), which is not out-of-core friendly.
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Amortized Preprocessing. Gem’s preprocessing cost is quickly amortized. On the Friendster
dataset, preprocessing takes around 400 seconds, while each query completes in just 10 seconds. In
contrast, GridGraph requires over 200 seconds per query, so the preprocessing cost is offset after
only 2–3 queries. Wonderland and SGraph also incur higher query times and greater preprocessing
overhead. In real-world scenarios with frequent queries, this upfront cost is well justified.

In the preprocessing breakdown, PageRank accounts for roughly 75% of the total preprocessing
time due tomultiple rounds of dataset loading. This overhead ismitigated through two key strategies:
(1) we avoid requiring full convergence by performing only a fixed number of iterations (e.g., 10
rounds), as described in Section 7.7; and (2) we employ a state-of-the-art out-of-core PageRank
engine, such as LUMOS [83], to accelerate the computation.

8 Related Work
Pruning-based Graph Processing. KickStarter [84] pioneered pruning strategies using upper
bounds to speed up streaming graph algorithms with monotonic properties by computing distances
incrementally based on prior results. However, because edge deletions break this assumption,
tagging strategies are used to ensure correctness. RisGraph [33] applies a similar approach to larger
graphs, achieving high throughput through localized data access and parallel updates. Tripoline [47]
formally introduced a triangle inequality-based method to derive upper bounds—a technique also
adopted by PnP [91] and VRGQ [46]. SGraph [22] extends this by deriving both upper and lower
bounds using the triangle inequality, which allows it to prune redundant vertices whose lower
bounds exceed the current upper bounds. However, all these methods produce loose bounds, limiting
their pruning effectiveness.

Out-of-coreGraphProcessing. Some out-of-core systems, like FlashGraph [108], Graphene [60],
and CLIP-OPT[10], leverage NVMe SSDs and use selective I/O to load edges of active vertices for
computation. Blaze [50] builds on these by introducing an online binning scatter-gather technique
that efficiently utilizes SSD bandwidth and avoids atomic operations. However, none of these
systems adopt GS/GA-based optimizations to further accelerate graph processing.

It is worth mentioning that other graph processing engines, such as distributed and in-memory
engines [25, 34, 35, 54, 62–64, 75, 76, 90, 97, 102, 110], GPU-based engines [6, 18, 19, 31, 44, 70, 80, 93–
95, 98, 100, 101, 106] and PIM-based engines [8, 15, 16, 104, 107, 112], can also potentially benefit
from our GA-based pruning mechanism.

9 Conclusion
This paper introduces Gem, a newGA-based pruning system for efficient graph processing. Gem uses
a PageRank-based method to generate a GS that effectively propagates information across partitions.
By treating each partition as a vertex, we build a GA to derive bounds for scheduling and pruning
at both the partition and vertex levels. Gem delivers up to 135.4× performance improvement over
SOTA systems such as GridGraph, Wonderland, and SGraph on various algorithms and datasets.
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